Abstract. In this paper, we introduce a notion of adjoint ideal sheaves along closed subvarieties of higher codimension and study its local properties using characteristic p methods. When X is a normal Gorenstein closed subvariety of a smooth complex variety A, we formulate a restriction property of the adjoint ideal sheaf adj X ðAÞ of A along X involving the l.c.i. ideal sheaf D X of X . The proof relies on a modification of generalized test ideals of Hara and Yoshida [11] .
Introduction
The adjoint ideal sheaf along a divisor D on a complex variety V is a modification of the multiplier ideal sheaf associated to D, and it encodes much information on the singularities of D. It recently turned out that it is a powerful tool in birational geometry and has several applications, such as the study of singularities of ample divisors of low degree on abelian varieties [4] , [3] , inversion of adjunction on log canonicity [15] , and the boundedness of pluricanonical maps of varieties of general type [8] , [23] . In this paper, we introduce a notion of adjoint ideal sheaves along closed subvarieties of higher codimension and study its local properties using characteristic p methods. We hope that our adjoint ideal sheaves lead to further applications. i be a formal combination, where the a i L R are nonzero ideals and the t i are positive real numbers. Hara-Yoshida [11] introduced notions of tight closure for the pair ðR; a t Þ, called a ttight closure, and the corresponding test idealt tða t Þ. They then proved that the multiplier ideal sheaf coincides, after reduction to characteristic p g 0, with their generalized test ideal. In this paper, we define a notion of tight closure for a triple ðR; I ; a t Þ, called ðI ; a t Þ-tight closure, where I L R is an unmixed ideal of height c such that the a i are not contained in any minimal prime ideal of I : the ðI ; a t Þ-tight closure J ÃðI ; a t Þ of an ideal J L R is the ideal consisting of all elements x A R for which there exists g A R not in any minimal prime of I such that for all large q ¼ p e , where J ½q is the ideal generated by the q th powers of all elements of J. If N L M are R-modules, then the ðI ; a t Þ-tight closure N ÃðI ; a t Þ M of N in M is defined similarly (see Definition 2.2 for the detail). We then define the generalized test idealt t I ða t Þ along I to be the annihilator ideal of the ðI ; a t Þ-tight closure 0
ÃðI ; a t Þ E R ðR=mÞ of the zero submodule in the injective hull E R ðR=mÞ of the residue field of R. When I ¼ R, ðI ; a t Þ-tight closure coincides with a t -tight closure and the generalized test idealt t I ða t Þ along I is nothing butt tða t Þ. We conjecture that the idealt t I ða t Þ corresponds to the adjoint ideal sheaf adj X ðA; Y Þ, and we obtain some partial results (Theorems 2.7 and 2.9). We use them to prove a restriction formula of our adjoint ideal sheaves.
Kawakita [16] and Ein-Mustaţǎ [5] introduced an ideal sheaf, called the l.c.i. defect ideal sheaf, which measures how far a variety is from being locally a complete intersection. They then proved a comparison of minimal log discrepancies of a variety X and its ambient space A with a boundary corresponding to the l.c.i. defect ideal sheaf D X of X . Their result inspires us to formulate a restriction property of the adjoint ideal sheaf adj X ðA; Y Þ involving the l.c.i. defect ideal sheaf D X of X . 
where
is the multiplier ideal sheaf associated to the pair
2 for the definition of multiplier ideal sheaves).
By making use of the partial correspondence between the adjoint ideal sheaf adj X ðA; Y Þ and the generalized test idealt t I ða t Þ, Theorem 3.1 can be reduced to a purely algebraic problem on some ideals of a ring of characteristic p > 0. We then solve the problem using the linkage theory of Peskine and Szpiro [19] .
As a corollary of Theorem 3.1, we obtain a characterization of being plt along a Gorenstein closed subvariety in terms of Frobenius splitting (Corollary 3.4).
Multiplier ideals and adjoint ideals
In this section, we first recall the definitions of multiplier ideal sheaves and adjoint ideal sheaves along divisors (our main references are [17] and [18] ), and then we introduce a notion of adjoint ideal sheaves along closed subvarieties of higher codimension.
Let X be a d-dimensional Q-Gorenstein normal variety over a field k of characteristic zero and Y ¼ P m i¼1 t i Y i be a formal combination, where the t i are real numbers and the Y i are proper closed subschemes of X . Since X is normal, we have a Weil divisor K X on X , uniquely determined up to linear equivalence, such that
where i : X reg ,! X is the inclusion of the nonsingular locus. Moreover, since X is Q-Gorenstein, there exists a positive integer r such that rK X is a Cartier divisor.
Let E be a divisor over X , that is, E is a prime divisor on some normal variety X 0 with a birational morphism f : X 0 ! X . We identify two divisors over X if they correspond to the same valuation of the function field kðX Þ. The center of E is the closure of f ðEÞ in X , denoted by c X ðEÞ. If Z is a closed subscheme of X , then we define ord E ðZÞ as follows: we may assume that the scheme theoretic inverse image f À1 ðZÞ is a divisor. Then ord E ðZÞ is the coe‰cient of E in f À1 ðZÞ. We put ord E ðY Þ :¼ P m i¼1 t i ord E ðY i Þ and define ord E ðK À=X Þ as the coe‰cient of E in the relative canonical divisor K X 0 =X of f . Recall that K X 0 =X is the unique Q-divisor supported on the exceptional locus of f such that rK X 0 =X is linearly equivalent to rK X 0 À f Ã ðrK X Þ. Then the log discrepancy aðE; X ; Y Þ of ðX ; Y Þ with respect to E is
If W is a closed subset of X , then the minimal log discrepancy mldðW ; X ; Y Þ of ðX ; Y Þ along W is defined by mldðW ; X ; Y Þ :¼ inffaðE; X ; Y Þ j E is a divisor over X ; c X ðEÞ L W g: Definition 1.1. Let the notation be the same as above.
(i) We say that the pair ðX ; Y Þ is Kawamata log terminal (klt, for short) if mldðX ; X ; Y Þ > 0. Since a resolution of singularities is obtained by blowing up subvarieties in the singular locus, this condition is equivalent to saying that mld
where X sing is the singular locus of X .
(ii) Let D be a reduced Cartier divisor on X such that no components of D are contained in the support of any Y i . Then we say that ðX ; Y Þ is purely log terminal (plt, for short) along D if aðE; X ; D þ Y Þ > 0 for all divisors E over X dominating no components of D.
Suppose that ðX ; Y Þ is a pair as above. A log resolution of the pair ðX ; Y Þ is a proper birational morphism p :X X ! X withX X nonsingular such that all the scheme theoretic in- 
(ii) Let D be a reduced Cartier divisor on X such that no components of D are contained in the support of any Y i . Fix a log resolution p :X X ! X of ðX ; D þ Y Þ so that the strict transform p 
We denote this ideal sheaf simply by adj D ðX Þ when Y ¼ 0. 
(3) ( [18] , Example 9.3.49) Suppose that X is an a‰ne variety and I L O X is an ideal of height f 2. Choose a general element f in I so that div X ð f Þ is reduced and no components of div X ð f Þ are contained in the support of any Y i . Then n (see [20] , §3, for details), such that
. Now we have the following exact sequence
It follows from Kawamata-Viehweg vanishing theorem that
y be the two-dimensional a‰ne space and let
When the ambient variety is smooth, we can generalize the notion of adjoint ideal sheaves to the higher codimension case. 
Ã E j is nonsingular (but possibly disconnected), and put p :¼ f g :Ã A ! A. Definition 1.6. In the above situation, the adjoint ideal sheaf adj X ðA; Y Þ associated to the pair ðA; Y Þ along X is
We denote this ideal sheaf simply by adj X ðAÞ when Y ¼ 0. We say that ðA; Y Þ (resp. A) is purely log terminal (plt, for short) along
When X is a divisor, these definitions coincide with those given in Definition 1.1 (ii) and Definition 1.2 (ii).
Lemma 1.7. Let the notation be as in Definition 1.6.
(1) The adjoint ideal sheaf adj X ðA; Y Þ is independent of the choice of the log resolution used to define it.
(2) ðA; Y Þ is plt along X if and only if
where X sing is the singular locus of X . More generally, the adjoint ideal sheaf adj X ðA; Y Þ is an ideal sheaf of X whose sections over an open subset U are those j A O X ðUÞ such that for every divisor E over X whose center intersects U and is contained in
Proof. Let f : A 0 ! A be the blowing-up of A along X and E 1 ; . . . ; E s be all the components of the exceptional divisor of f dominating an irreducible component of X .
(1) The proof is essentially the same as that of [18] , Theorem 9.2.18. We consider a sequence of morphisms V ! nÃ A ! p A, where p is a log resolution of ðA; X þ Y Þ such that the strict transformẼ E of E is nonsingular and n is a log resolution of
Claim. Let D be a reduced disconnected divisor onÃ A with simple normal crossing support and B be an R-divisor onÃ A with simple normal crossing support which has no common components with D. Suppose that m :
Proof of Claim. It follows from the projection formula that if the assertion holds for a given R-divisor B, then it holds also for B þ B 0 whenever B 0 is an integral divisor onÃ A. Therefore, we may assume that
where F runs through all m-exceptional prime divisors on W . Then
because bBc ¼ 0. Since D is disconnected, by [17] , Corollary 2.31 (3), one has aðF ;Ã A; DÞ > 0 for all m-exceptional prime divisors F . This completes the proof. r
By the above claim, we know that
Then, setting h :¼ p n, one finds using the projection formula:
In other words, we obtain the same adjoint ideal sheaf working from h as working from p. Since any two resolutions can be dominated by a third, the assertion follows.
(2) Since no components of X are contained in the support of any Y i , Y does not contribute to aðE i ; A; cX þ Y Þ. By [17] , Lemma 2.29, one has
We have already seen in (1) that the adjoint ideal sheaf is independent of the choice of the log resolution used to define it. Since 
The converse follows from the fact that a log resolution of
. We can prove the general case similarly. r Example 1.8.
(1) Suppose that X is locally a complete intersection variety, and consider the blowing-up f :
Þ is a projective bundle over X . In particular, E is normal and locally a complete intersection, and therefore, so is A 0 . By Hironaka's embedded resolution of singularities [13] , there exists a log resolution g :Ã A ! A 0 of ðA 0 ; EÞ which is an isomorphism over the complement of a proper closed subset of E. LetẼ E be the strict transform of E onÃ A, and put p :¼ f g :Ã A ! A. Since
A is plt along X if and only if A 0 is plt along E. Since A 0 nE is nonsingular, a result of Kollár [17] , Theorem 5.50 says that A 0 is plt along E if and only if E is klt. This means that X is klt, because E is locally a product of X and an a‰ne space. It therefore follows that A is plt along X if and only if X is klt. That is, adj X ðAÞ defines the non-klt locus of X . given by x i 7 ! xx i , where x is a primitive cubic root of unity. X can be embedded into A :¼ C 10 , and we will compute the ideal sheaf adj X ðAÞ. Let p 1 : A 1 ! A be the blowing-up of A at the origin with exceptional divisor E 1 (we use the same letter for its strict transform). Then the weak transform X 1 of X is nonsingular.
where m A; 0 L O A is the maximal ideal sheaf of the origin.
( 5 , and by an argument similar to that of (2), we have adj X ðAÞ ¼ m 
A modification of generalized test ideals
In this section, we consider a modification of generalized test ideals of Hara and Yoshida [11] , which conjecturally corresponds to our adjoint ideal sheaf.
Throughout this paper, all rings are Noetherian commutative rings with identity. For an integral domain R and an unmixed ideal I of R, we denote by R ; I the set of elements of R that are not in any minimal prime ideal of I . R ¼ R ; 0 is simply the set of nonzero elements of R.
Let R be an integral domain of characteristic p > 0. For an ideal J of R and a power q of p, we denote by J ½q the ideal of R generated by the q th powers of all elements of J. Let F : R ! R be the Frobenius map, that is, the ring homomorphism sending x to x p . The ring R viewed as an R-module via the e-times iterated Frobenius map F e : R ! R is denoted by e R. Since R is reduced, F e : R ! e R is identified with the natural inclusion map R ,! R 1=p e . We say that R is F-finite if 1 R (or R 1=p ) is a finitely generated R-module. For example, any algebra essentially of finite type over a perfect field is F-finite. such that ðgdÞ 1=q R ,! R 1=q splits as an R-module homomorphism.
(ii) Let I L R be an unmixed ideal of height c and suppose that a i X R ; I 3 j for all i ¼ 1; . . . ; m. Then the pair ðR; a t Þ is said to be purely F-regular along I if for every g A R Proof.
(1) and (2) follow from arguments similar to the proofs of [10] , Propositions 3.1 and 3.2, respectively. (3) follows from an argument similar to the proof of [9] , Proposition 2.1 (see also [21] , Corollary 3.5) and (4) does from an argument similar to the proof of [1] , Proposition 2.22. r Example 2.6. Let ðR; mÞ be an F-finite regular local ring of characteristic p > 0 and I ¼ ð f 1 ; . . . ; f c Þ L R be an unmixed ideal generated by a regular sequence f 1 ; . . . ; f c . Let g A R ; I be an element such that the localized ring R g =IR g is regular, and take a su‰-ciently large integer N. By Definition-Proposition 2.4 and Proposition 2.5 (4), R is purely F-regular along I if and only if there exists
IÞ, this is equivalent to saying that there exists q ¼ p e such that g N ðI ½q : I Þ j L m ½q . It therefore follows from [7] , Theorem 2.1, that R is purely F-regular along I if and only if R=I is strongly F-regular. That is, the generalized test idealt t I ðRÞ along I defines the non-strongly-F-regular locus of the ring R=I . Cartier divisors, and denote byẼ E the strict transform of E :¼ E 1 þ Á Á Á þ E S onÃ A. Then one has an inclusioñ
Proof. The proof follows from essentially the same argument as that of [11] , Proposition 3.8 (see also the proof of [21] , Proposition 3.8, for a di¤erent strategy). For simplicity, we assume thatÃ A is a Cohen-Macaulay scheme. Denote the closed fiber of p by
By the local duality theorem (see [12] , V, §6), one has
It therefore su‰ces to show that Ker d L 0
By Definition-Lemma 2.4, this inclusion tells us that there exists a big ðI ; ÃÞ-test element g 0 A Ann R ðKer dÞ X R ; I , because a i X R ; I 3 j for all i ¼ 1; . . . ; m. For every q ¼ p e and for every a A I cðqÀ1Þ a
we have the following commutative diagram with exact rows:
Then aF e ðKer dÞ L Ker d. By the choice of the element g 0 , we can conclude that
. r
We conjecture that the generalized test idealt t I ðR; a t Þ along I corresponds to the adjoint ideal sheaf adj X ðA; Y Þ. 
Restriction formula of adjoint ideals
In this section, we formulate a restriction property of the adjoint ideal sheaf adj X ðA; Y Þ involving the l.c.i. defect ideal sheaf D X of X . Let A be a nonsingular variety over an algebraically closed field k of characteristic zero and X be a normal Gorenstein closed subvariety of codimension c of A. Kawakita [16] then defined the l.c.i. defect ideal sheaf D X of X as follows. Since the construction is local, we may consider the germ at a closed point x A X . We take generically a closed subscheme Z of A which contains X and is locally a complete intersection of codimension c. By Bertini's theorem, Z is the scheme-theoretic union of X and another variety C Z of codimension c. Since X is Gorenstein, the closed subscheme D Z :¼ C Z j X of X is a Cartier divisor (see [24] , Lemma 1). Then the l.c.i. defect ideal sheaf D X of X is defined by
where Z runs through all the general locally complete intersection closed subschemes of codimension c which contain X . Note that the support of D X coincides with the non-locally complete intersection locus of X . The reader is referred to [16] , Section 2, and [5] , Section 9.2, for further properties of l.c.i. defect ideal sheaves. 
where D X is the l.c.i. defect ideal sheaf of X .
Proof. Since the question is local, we consider the germ at a closed point 
where j is the image of j in O X . This means that
Next we will prove the converse inclusion. Take generically a closed subscheme Z of A which contains X and is locally a complete intersection of codimension c, so Z is the scheme-theoretic union of X and another variety C Z , and
Claim 1. By a general choice of Z, one has
Proof of Claim 1 (Kawakita) .
is clear from the definition of the ideal sheaf D X , we will prove the converse inclusion.
Fix a regular function
By the definition of the ideal sheaf D X , there exist closed subschemes W 1 ; . . . ; W n of A which contain X and are locally complete intersections of codimension c such that . . . ; t n . Then W is the schemetheoretic union of X Â T and another variety C. Note that Cj X ÂT is an irreducible Cartier divisor over a generic point of T. One can choose a generator h A O X n kðt 1 ; . . . ; t n Þ of the principal ideal sheaf O X ÂT ðÀCj X ÂT Þ over a generic point of T so that the restriction of h to the fiber over ð0; . . . ; 0; 1 1
for all i A I and all j ¼ 1; . . . ; n, where
On the other hand, the restriction of h to the fiber over a general point ðt 1 ; . . . ; t n Þ A T is a generator of O X ðÀD W t 1 ;...; t n Þ where W t 1 ;...; t n :¼ Wj X Âðt 1 ;...; t n Þ , and m is a log resolution of ðX ; W t 1 ;...; t n þ Y j X Þ. Thus, for all i A I ,
This implies that c is in adj D W t 1 ;...; t n ðX ; Y j X Þ. r
From now on, we may assume that A ¼ Spec S and X ¼ Spec R, where ðS; nÞ is a regular local ring essentially of finite type over a field of characteristic zero and R ¼ S=I is a Gorenstein normal quotient of S. Let a i be the ideal of S corresponding to Y i for every i ¼ 1; . . . ; n and denote a t ¼ Q a
. . . ; f c be the regular sequence in S corresponding to Z and f A S be an element whose image f is a generator of the principal ideal ÀÀ ð f 1 ; . . . ; f c Þ :
Thanks to Claim 1, it is enough to prove that
Now we reduce the entire setup as above to characteristic p g 0 and switch the notation to denote things after reduction modulo p. In order to prove (1), by virtue of Theorems 2.7 and 2.9, it su‰ces to show that be the injective hulls of the residue fields of S and R, respectively. We can view E R as a submodule of E S via the isomorphism E R G ð0 : I Þ E S H E S . Then by Matlis duality, (2) Proof of Claim 2. This claim is an easy consequence of the linkage theory of Peskine and Szpiro [19] . We consider a simultaneous minimal free resolution of a natural diagram between S=ð f 1 ; . . . [24] , Lemma 1, we obtain the equality f q ðI ½q : (see [6] , [7] and the proof of [21] , Lemma 3.9). Since g is not in any minimal prime of fR, we conclude that z A 0 Ãð fR; aR t Þ E R . r Remark 3.2. (1) In the proof of Theorem 3.1, we have used [5] , Remark 8.5, which was originally proved by using the theory of jet schemes. It, however, can be proved without using the theory of jet schemes (see the proof of [16] , Theorem 1.1). So, our proof does not rely on the theory of jet schemes. Thanks to Theorem 2.9, this implies that ðR; aR t Þ is of purely F-regular type along fR. Applying the argument used to prove the inclusion (2) in the proof of Theorem 3.1, we know that ðS; a t Þ is of purely F-regular type along I . r
